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Abstract

In this article, we define and study generalized forms of extended matrix
variate gamma and beta functions. By using a number of results from ma-
trix algebra, special functions of matrix arguments and zonal polynomials
we derive a number of properties of these newly defined functions. We also
give some applications of these functions to statistical distribution theory.
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Generalized Extended Matrix Variate Beta and Gamma Functions

Funciones Beta y Gama generalizadas extendidas y
sus aplicaciones

Resumen

En este articulo definimos y estudiamos formas generalizadas de las funcio-
nes gama y beta matriz variadas extendidas. Utilizando varios resultados
del algebra matricial, funciones especiales de argumento matricial y poli-
nomios zonales, derivamos algunas de las propiedades de estas funciones.
También mostramos algunas aplicaciones de estas funciones a la teoria de
distribuciones.

Palabras clave: Funcion Beta; funcion Beta extendida; distribucién Beta
matriz variada extendida; funciéon Gama; funcién Gama extendida; argu-
mento matricial; polinomio zonal.

1 Introduction

The gamma function was first introduced by Leonard Euler in 1729, as the
limit of a discrete expression and later as an absolutely convergent improper
integral, namely,

I'(a) = /000 t" lexp(—t)dt, Re(a) > 0. (1)

The gamma function has many beautiful properties and has been used in
almost all the branches of science and engineering.

One year later, Euler introduced the beta function defined for a pair of
complex numbers a and b with positive real parts, through the integral

B(a,b) = /01 t* 11 —1t)1dt, Re(a) >0, Re(b)>0. (2)

The beta function has many properties, including symmetry, B(a,b) =
B(b,a), and its relationship to the gamma function,

I'(a)T'(b)
L(a+b)
In statistical distribution theory, gamma and beta functions have been used

extensively. Using integrands of gamma and beta functions, the gamma and
beta density functions are usually defined.

B(a,b) =
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Recently, the domains of gamma and beta functions have been ex-
tended to the whole complex plane by introducing in the integrands of
and (2), the factors exp (—o/t) and exp [—o/t(1 —t)], respectively, where
Re(o) > 0. The functions so defined have been named extended gamma
and extended beta functions.

In 1994, Chaudhry and Zubair [7] defined the extended gamma function,
I'(a;0), as

I(a;0) = /000 t2Lexp <—t - %) dt, (3)

where Re(o) > 0 and a is any complex number. For Re(a) > 0 and o = 0,
it is clear that the above extension of the gamma function reduces to the
classical gamma function, I'(a,0) = I'(a). The extended gamma function
is a special case of Krétzel function defined in 1975 by Krétzel [16]. The
generalized gamma function (extended) has been proved very useful in
various problems in engineering and physics, see for example, Chaudhry
and Zubair [§].

In 1997, Chaudhry et al. [6] defined the extended beta function

1
Bla,bio) = | "' 1—t)Lexp |————| dt 4
(a’7 70) A ( ) eXp t(]. _ t) ) ( )
where Re(o) > 0 and parameters a and b are arbitrary complex numbers.
When o = 0, it is clear that for Re(a) > 0 and Re(b) > 0, the extended
beta function reduces to the classical beta function B(a,b).

Recently, Ozergin, Ozarslan and Altin [24] have further generalized the
extended gamma and extended beta functions as

r(@f) (a;0) = / 2 1o (a; B;—t — %) dt, (5)

0

B(OA,B) (CL, b; 0) _ /01 tafl(l _ t)bfl(b (a; B; _t(lo-_t)> dt, (6>

where ® (a; ;) is the type 1 confluent hypergeometric function. The
gamma function, the extended gamma function, the beta function, the ex-
tended beta function, the gamma distribution, the beta distribution and the
extended beta distribution have been generalized to the matrix case in var-
ious ways. These generalizations and some of their properties can be found
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in Olkin [23], Gupta and Nagar [I0], Muirhead [18], Nagar, Gupta, and
Séanchez [19], Nagar, Roldan-Correa and Gupta [20], Nagar and Roldéan-
Correa [21], and Nagar, Moran-Vasquez and Gupta [22]. For some recent
advances the reader is refereed to Hassairi and Regaig [12], Farah and Has-
sairi [4], Gupta and Nagar [1I], and Zine [25]. However, generalizations
of the extended gamma and extended beta functions defined by and
@, respectively, to the matrix case have not been defined and studied.
It is, therefore, of great interest to define generalizations of the extended
gamma and beta functions to the matrix case, study their properties, ob-
tain different integral representations, and establish the connection of these
generalizations with other known special functions of matrix argument.

This paper is divided into seven sections. Section [2] deals with some
well known definitions and results on matrix algebra, zonal polynomials
and special functions of matrix argument. In Section [3] the extended ma-
trix variate gamma function has been defined and its properties have been
studied. Definition and different integral representations of the extended
matrix variate beta function are given in Section[d] Some integrals involving
zonal polynomials and generalized extended matrix variate beta function
are evaluated in Section[5] In Section [6] the distribution of the sum of de-
pendent generalized inverted Wishart matrices has been derived in terms
of generalized extended matrix variate beta function. We introduce the
generalized extended matrix variate beta distribution in Section [7}

2 Some known definitions and results

In this section we give several known definitions and results. We first
state the following notations and results that will be utilized in this and
subsequent sections. Let A = (a;;) be an m x m matrix of real or com-
plex numbers. Then, A’ denotes the transpose of A; tr(A) = a1 +
o+ Gy etr(A) = exp(tr(A)); det(A) = determinant of A; ||A]| =
spectral norm of A; A = A’ > 0 means that A is symmetric positive defi-
nite, 0 < A < I, means that both A and I,,, — A are symmetric positive
definite, and AY/2 denotes the unique positive definite square root of A > 0.

Several generalizations of the Euler’s gamma function are available in
the scientific literature. The multivariate gamma function, which is fre-
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quently used in multivariate statistical analysis, is defined by
Tyn(a) = / etr(—X) det(X )2~ m+D/2 4 X, (7)
X>0

where the integration is carried out over m x m symmetric positive definite
matrices. By evaluating the above integral it is easy to see that

Ty(a) = 2" VAT T (a ! 5 > . Rela) > T”T (8)
=1

The multivariate generalization of the beta function is given by
Im
By (a,b) 2/ det(X)*~ "+ D/2 et (I, — X)P- (D2 qx
0

_ / det ()"~ (mD/2 det(1,, + ¥)~(@+) 4y
Y >0

_ Du(@)n()

Ton(a+0) = B (b, a). (9)

The generalized hypergeometric function of one matrix argument as
defined by Constantine [9] and James [15] is

. vy o (@) (ap)s Cu(X)
qu(al,...,ap,bl,...,bq,X)—;0%(bl)ﬁ.”(b:)ﬁ o (10)

where Cy;(X) is the zonal polynomial of mxm complex symmetric matrix X
corresponding to the ordered partition k = (ki, ..., kpy), k1 > -+ > kpn >0,
ki+---+k,=%kand ka denotes summation over all partitions k. The
generalized hypergeometric coefficient (a),, used above is defined by

m

@ =T1(-"5), (1)

=1

where (a), = a(la+1)---(a+7r—1),r = 1,2,... with (a)g = 1. The
parameters a;, © = 1,...,p, bj, j = 1,..., q are arbitrary complex numbers.
No denominator parameter b; is allowed to be zero or an integer or half-
integer < (m — 1)/2. If any numerator parameter a; is a negative integer,
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a1 = —r, then the function is a polynomial of degree mr. The series
converges for all X if p < g, it converges for || X|| < 1if p = ¢+ 1, and,
unless it terminates, it diverges for all X £ 0 if p > q.

If X is an m X m symmetric matrix, and R is an m X m symmetric
positive definite matrix, then the eigenvalues of RX are same as those of
RY2X R'Y2 where RY? is the unique symmetric positive definite square
root of R. In this case Cy(RX) = C,(RY?>X R'?) and

qu(al, oo ,ap;bl, .. .,bq;RX)
= Fy(ar,...,ap01,.. .,bq;R1/2XR1/2). (12)

Two special cases of are the confluent hypergeometric function and
the Gauss hypergeometric function denoted by ® and F', respectively. They

are given by
(@)
(a;¢; X) g
()
k=0 kHk

and

Fl(a,b;c; X) ZZ )il ‘X), X < 1. (13)

C
k=0 kkk

The integral representations of the confluent hypergeometric function ®
and the Gauss hypergeometric function F' are given by

1 fm
= B(ac—a)/o etr(SX)
x det(8)2 (M2 det (I, — §)co"(mHD/2q8  (14)

®(a;c; X)

and for X < I,

Im
F(a,b;¢; X) = 1 ) / det(I,, — XS)™°
0

B,(a,c—a
x det(8)~M+D/2 det(I,, — §)cTo"(mHD/2q8 (15)

where Re(a) > (m —1)/2 and Re(c —a) > (m —1)/2.
For properties and further results on these functions the reader is re-
ferred to Herz [13], Constantine [9], James [15], and Gupta and Nagar [10].
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The confluent hypergeometric function ® satisfies the Kummer’s rela-
tion
O(a;c; X) = etr(X)P(c — a;¢; —X). (16)

From ((15)), it is easy to see that

I(e)li(c—a—0)
Tp(c—a)lp(c—0)

F(a,b;c; I,) =

Lemma 2.1. Let Z be an mxm complex symmetric matriz with Re(Z) > 0
and let Y be an m x m complex symmetric matriz. Then, for Re(t) >
(m —1)/2, we have

/ etr(—ZS) det(S)!~("V/2C, (V' S) dS
S>0
=Dt k) det(2)71CL(Z71Y). (17)

Lemma 2.2. Let Z be an mxm complex symmetric matriz with Re(Z) > 0
and let Y be an m x m complex symmetric matriz. Then, for Re(t) >
k1 + (m —1)/2, we have

/ etr(—ZS) det(8)-mD/2C, (S1Y) dS
S>0
=Tu(t,—k)det(Z2)'CL(ZY)
(—=1)* T (t)

- Srma det(Z2)tCL(ZY). (18)

Lemma 2.3. Let Y be an m x m complex symmetric matriz, then for
Re(a) > (m —1)/2 and Re(b) > (m —1)/2, we have

I’VYL
/ det(S)2~(m+D/2 Qe (1,,, — )P~ "HD20, (V') dS
0

_ [y (a, k)T (b)

Tt b)) ) (19)

Lemma 2.4. LetY be an m x m complex symmetric matriz. Then

Im
/ det(R)*~(m+D/2 det(1,, — R)>~mHI/2C (R7'Y)dR
0
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_ Ti(a, —r)T ()
~ Twla+b,—k) CulY)
Fm(a)Fm(b)( a—b+(m+1)/2)x
(—a+(m+1)/2)xLm(a+0)

where Re(a) > k1 + (m —1)/2 and Re(b) > (m —1)/2.

~Cr(Y), (20)

Results given in Lemma [2.1] and Lemma [2.3] were given by Constan-
tine [9] while Lemma and Lemma were derived in Khatri [I7]. In
the expressions and (18), I'y, and Iy (a, —p), for an ordered par-
tition p of r, p = (7“1, ceeyT), are deﬁned by

Lin(a, p) = (a)pl'm(a),  Tim(a,0) =Tn(a)

_ (=1)"T'p(a) m—1
I(a,—p) = Cat(m+ 1)/2)/)7 Re(a) > r; + —g

and

respectively.
Definition 2.1. The extended matrixz variate gamma function, denoted by
I'(a; %), is defined by
Tp(a; ) :/ det(2)*= D2 etr(—Z — 271 dZ, (21)
Z>0

where Re(X) > 0 and a is an arbitrary complex number.

From (21I), one can easily see that for Re(X) > 0 and H € O(m),
y(a; HEH') =Ty (a; X) thereby Ty, (a; X) depends on the matrix X only
through its eigenvalues if ¥ is a real matrix.

From the definition, it is clear that if ¥ = 0, then for Re(a) > (m—1)/2,
the extended matrix variate gamma function reduces to the multivariate
gamma function I'y,(a).

Definition 2.2. The extended matriz variate beta function, denoted by
B (a,b; %), is defined as

Bp(a,b; %) = /Olmetr[—ZZI(Im -2)™1

x det(Z)*~ " TD/2 det (I, — 2)P- D24z, (22)

where where Re(X) > 0 and a and b are arbitrary complex numbers. If
¥ =0, then Re(a) > (m —1)/2 and Re(b) > (m —1)/2.
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3 Generalized extended matrix variate Gamma function

A matrix variate generalization of the generalized extended gamma function
can be defined in the following way:

Definition 3.1. The generalized extended matriz wvariate gamma
function, denoted by I‘gﬁ“ﬁ)(a; Y), is defined by

(e (a;3) = / det(2)*” "V 2d(a; 5~ 72 - 2718271 dZ, (23)
Z>0

where % > 0 and a is an arbitrary complex number.

From the definition it is clear that for @« = 3, the generalized ex-
tended matrix variate gamma function reduces to an extended matrix vari-
ate gamma function, i.e., F&‘i"‘”(a; Y) = T'u(a; X). Further, if o = 8 and
¥ =0, then for Re(a) > (m—1)/2, the generalized extended matrix variate
gamma function reduces to the multivariate gamma function I'y,(a).

Replacing ®(«; 5; —Z — Z*1/2EZ*1/2) by its integral representation,
namely,

®(a; 8, —Z — 27207712

1 Im _ _
= m A etr[—(Z + A 1/2ZZ 1/2)Y]
x det(Y)*~ (D72 det (1, — V)P~ (m+D/2 gy, (24)

where Re(a) > (m—1)/2 and Re(8—a) > (m—1)/2, in (23), an alternative
integral representation of the generalized extended matrix variate gamma
function can be given as

Im,
Fﬁ,ﬂ)(a;z) — MA det(y)a—(m+1)/2det(1m_Y)B—a—(m+1)/2
x/ det(2)*= D2 otr[—(Z 4 27222712y dZ dY.
Z>0
(25)

Two special cases of are worth mentioning. For m = 1, this expression
simplifies to

1 1
P9 (a;0) = )/0 y* T (1= )P (a5 09%) dy.

B(a,f —«
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Further, for ¥ = I,,, substituting X = Y1/2ZYY/? with the Jacobian

J(Z = X) = det(Y)~(m+1)/2 ip and applying , the expression for
(azﬁ) . 1Q 1 3

Iy (a; Ly,) is derived as

1 Im —a—(m
F%’B)(CL; Im) = B(ozﬂ—oz)/o det(Y)O‘ (m+1)/2
x det(I, — V)P~ mtD21 (q:Y?)dY. (26)

In the following theorem we establish a relationship between generalized
extended gamma function of matrix argument and multivariate gamma
function through an integral involving the generalized extended gamma
function of matrix argument and zonal polynomials.

Theorem 3.1. For Re(s) > (m —1)/2, Re(s+a) > (m —1)/2, Re(aw —
a—2s)>(m—1)/2 and Re(f —a — 2s) > (m — 1)/2, we have

/ det(x)*~(mH20 (0@ (g, 8) dS
>0

Pm(su ’%)Fm(a + s, /i) /Im —a—2s—(m+1)/2
— det Y a—a S m
Bm(aa ﬁ - OZ) 0 ( )
x det(I,, — V)P~ mtD/20 (v =2)dy. (27)

Proof. Replacing I‘gﬁ‘ B )(a; Y) by its integral representation given in

and changing the order of integration, the left hand side integral in (27)) is
re-written as

1 T
- det Y af(m+1)/2 det Im _ Y Bfaf(m+1)/2
By ) (=)
X / etr(—ZY) det(Z)*~(m+1)/2
Z>0
x/ det(2)*~ D20 (D) etr(— 27282712y AR dZdY,  (28)
2>0

where Re(a) > (m —1)/2 and Re(f — a) > (m —1)/2.

Further, using Lemma [2.1] the integral involving ¥ is evaluated as

/ det(X)*~MH20 () etr(— 27222712y ) D
¥>0

|60 Ingenieria y Ciencia



Daya K. Nagar, Sergio A. Gémez-Noguera and Arjun K. Gupta

-1
= det(Z)* det(Y) " *Tim(s, K)Cu(ZY 1), Re(s) > . (29)
Replacing in 7 to obtain
/ det(x)*~ M2, ()0 (¢; 1) dD
>0
Lpn(s, k) /Im e e
=" det(Y)*=s=(m+1)/2 qet(1,,, — V)P~ (m+1)/2
Bm(Ck,ﬁ—Ck) 0 ( ) ( )
X / etr(—=ZY ) det(Z)*s—(m+D2¢ (v 1 Z)dZ dY. (30)
Z>0
Now, integration of Z using Lemma [2.1] yields the desired result. O

Theorem 3.2. For a symmetric positive definite matriz T of order m,
Re(s) > (m —1)/2, Re(s +a) > (m —1)/2, Re(a —a —2s) > (m —1)/2
and Re(f —a —2s) > (m —1)/2, we have

/ det(2)*~m+D20, ()T (@) (a; ) dE
>0

Ton(s, 8)Tin(a+ s, k) Ck(T) /Im —a—2s—(m+1)/2
— det Y a—a S m
Bi(a, 8 — a) Ci(Im) Jo )
x det (I, — Y)P~e=m+D/20 (y=2)qdy. (31)

Corollary 3.2.1. For Re(s) > (m—1)/2, Re(s+a) > (m—1)/2, Re(a —
a—2s)>(m—1)/2 and Re(f — a —2s) > (m — 1)/2, we have

/ det(%)=~m+D/2D(@8) (4. 3 5.
>0

_ Lo (8) (a4 $)Tp (B) T (0 — a — 25) (32)

Lo ()T (B — a — 2s)
Note that the above corollary gives an interesting relationship between
the generalized extended gamma function of matrix argument and multi-

variate gamma function. Substituting s = (m +1)/2, in (32)), we obtain

/ r(@A)(q; %) dy
>0

_ C[(m+1)/2]0 e+ (m+1)/2]T 0 (B)lm(e —a —m — 1)
T(a)lm(B—a—m—1) ’
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Theorem 3.3. For Re(s) > k1+(m—1)/2 and Re(s+a) > k1 +(m—1)/2,

/ det(x)*~mH)20 (D@ (¢; 1) dD
¥>0

_ Do(s, —k)l(a+ s, —k)

Bn(a, 8 — «)
I
x [ det(Y)2me 25~ (mHD/2 qet(1,,, — V)P (m+D20 (v2)dy

0
B Lo ()T (a+ s)
Bp(a,f—a)(—s+ (m+1)/2)s(—a—s+ (m+1)/2),

Im
X / det(Y)o—a=2s=(m+1)/2qet (1,,,—Y)f~o=(m+D2C (v2)dy, (33)
0
where K = (k1, ..., km), k1 > >kn>0and ky + -+ kp, = k.

Proof. Replacing Fg,‘f ) (a;X) by its integral representation given in ,
the left hand side integral in is re-written as

1 fm
a—(m+1)/2 N B—a—(m+1)/2
e /0 det () det(L,, — V)
X / etr(—ZY) det(Z)2~(m+1)/2
Z>0

x [ det(D)s=mHD20 (7Y etr(—2 /22 Zz72Y)dndZdY.  (34)
>0

Now, integrating first with respect to ¥ and then with respect to Z by
using Lemma [2.2] we obtain the desired result. O

Theorem 3.4. For ¥ > 0 anda > (m—1)/2, a —a > (m —1)/2 and
B—a>(m-—1)/2, we have

L (a)T (B) T (a — a)
p(@)l'm(8 — a)
Proof. Let Z, Y and ¥ be symmetric positive definite matrices of or-

der m. Further, let Aq,..., A\, be the characteristic roots of the matrix
V1/27-1252-1/2y1/2 Then

i (a; %) <

etr(—Z7V2827V2Y) = exp[— (A1 + - + Am)]-
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Since Z > 0,Y >0 and ¥ > 0, we have YV/22-1/2x,7-1/2y1/2 5 , and
therefore A; +- - -+ A\, > 0. Further, as exp(—t) < 1, for all ¢ > 0, we have

etr(—Z7V2827V2Y) = exp[—(A1 + - - + Ap)] < 1. (35)
Now, using the above inequality in , we have

1
Bm(aa /3 - a)

Im
X / det(Y)*(mH1)/2 qet(1,,, — YV)P-a-(m+1)/2
0

i (a; %) <

X / det(2)*= "D/ 2 etr(—ZY) d Z Y. (36)
Z>0

Finally, integrating Z and Y by using multivariate gamma and multivari-
ate beta integrals and simplifying the resulting expression, we obtain the
desired result. O

Theorem 3.5. Suppose that o1 and o, are the smallest and largest eigen-
values of the matriz X > 0. Then

Fg,‘f’ﬁ)(a; onlm) < FSTOL"B) (a; %) < F%’ﬁ) (a;011m).
Proof. Note that
o tr(Z7V2Y 272 < e (RZ27V2Y 272 < o (27 Y2y 27 1/2)
and therefore

exp[—on(Z7V2Y Z27Y?)] < etr(—27 V222712
< expl-on (2712Y Z7112)].
Now, applying the above inequality in , and using the integral repre-
sentation of the generalized extended gamma function given in , we

obtain the desired result. O

By Holder’s inequality, it is possible to obtain an interesting inequality
that follows.
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Theorem 3.6. Let 1 < p < oo and (1/p) + (1/q) = 1. Then, for ¥ >0,
x>(m—1)/2 and y > (m —1)/2, we have

(@) (%Y. (@8) (. sy P [r(aB) (. sy ]
rie? (24 Lig) < [ o) reow)] " e

Proof. Substituting a = x/p 4+ y/q in and using Holder’s inequality,
we obtain the desired result. O

Substituting p = ¢ =2 in , we obtain

ri? (txgy ) < VTED (2P (y: 3),

where z > (m —1)/2), y > (m —1)/2, and ¥ > 0.

4 Generalized extended matrix variate Beta function

In this section, a matrix variate generalization of @ is defined and several
of its properties are studied.

Definition 4.1. The generalized extended matriz variate beta function,
denoted by By(r?’ﬁ) (a,b; %), is defined as

I,
B (a,b; %) = / det(2)*= D72 det(1,,, — Z)b—(m+1)/2
0
x ®(a; p; —2Z NI, — 2)"Hdz, (38)

where a and b are arbitrary complex numbers and ¥ > 0. If ¥ = 0, then
Re(a) > (m —1)/2, Re(b) > (m —1)/2.

Using Kummer’s relation (|16)), the above expression can also be written
as

I
B (a,b; %) = / det(Z)*~ " tD/2 det(I,,, — )P~ M/
0

x etr[-XZ NI, — 2)7Y
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x®(B—a;5;22 I, — Z)"")dZ. (39)

From , it is apparent that By(,f’ﬁ)(a, b; %) = B,(,f’ﬂ)(b,a; Y)). Further,
BYP (a,5;%) = B (a,b; HSH'), H € O(m), thereby BY? (a, ;%) is
a function of the eigenvalues of the matrix ¥ > 0.

Replacing the confluent hypergeometric function by its integral repre-
sentation in , changing the order of integration, and integrating Z by

using , we obtain

B (a,b;%) = :

Bu(a,8—a)
In
X / det (X))@ (mH1/2 qet(1,,, — X )P (m+1)/2
0
X B (a,b; 212X 5Y?) dX. (40)

Theorem 4.1. For Re(s) > (m—1)/2, Re(s+a) > (m—1)/2, Re(s+b) >
(m—1)/2, Re(aw —s) > (m —1)/2 and Re(f —s) > (m —1)/2,

/ det(%)s~m+D/2B(@8) (g b 3)) 5.
>0

_ L (8)Din(B) T (o — 5)
(o)L (B — )

By, (a+s,b+s). (41)

Proof. Replacing BT(,? A) (a,b; %) by its equivalent integral representation

given in and changing the order of integration, the integral in is
rewritten as

Im
/ det(2)*=("+D/2 qet(1,,, — Z)b—(m+1)/2/ det(x)s~(m+1)/2
0 2

>0
etr[-2Z I — Z2) M@ (B— s ;22 (I — Z) 1) dEdZ
_ Fm(s)rm(ﬁ)rm(a - S)
L (@) (8 —s)

I’"L
> / det(Z)a+s—(m+1)/2 det([m N Z)b+s—(m+1)/2 az, (42)
0

where we have used the result

/ det(2)* D2 ety [0 27 (I, — Z) 7]
>0
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x ® (8- ;B 22—1(1 Z)71) dx
= Fm(s) det( ) det( )S2F1( 7Ba )
m(ﬁ) m(a = s)
=T (s) det(2)® det (I, — Z)S
Lo (@)lm (B = s)
Finally, evaluating by using the definition of multivariate beta func-
tion, we obtain the desired result. O

By letting s = (m +1)/2, in (4I)), we obtain an interesting relation
Lm[(m + 1) /2|0 (8) T [or — (m + 1) /2]
L (@)T'm[B — (m +1)/2]

1 1
X B, (a—l—m; ,b—&—m; >

/ Bl (q,b; %) dY =
>0

between the multivariate beta function and the generalized extended beta
function of matrix argument.

Theorem 4.2. For a and b arbitrary complex numbers and Re(X) > 0,

det(Y)
B(avﬁ) , b, E — / @
m'(0,b%) voo det(Iy, + Y)ath (

a—(m+1)/2

a; B; =Y + 21, + Y1) dY.
(43)

Proof. Substituting Z = (I, + Y)Y with the Jacobian J(Z — Y) =
det(I,, +Y)~(m+1) in , we obtain the desired result. O

Theorem 4.3. For a and b arbitrary complex numbers and Re(X) > 0,

a—(m+1)/2 Y )\b—(m+1)/2
B,I(T?"B) (a7 b, E) _ 1 / det(Y) + det(er)

2
O(a; 8; —%(Y + 2Im +Yh)dy.

Proof. Noting that

S1BE D (0,6:5) + B (5,0 9)

B (a,b; %) = 5

and substituting for B,(ﬁ’ﬁ)(a, b; X)) and B,(ﬁ"ﬁ)(b7 a;Y) from , we obtain
the desired result. ]
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In the following theorem, we present an important inequality that shows
how the extended matrix variate beta function decreases exponentially com-
pared to the multivariate beta function.

Theorem 4.4. For ¥ > 0, Re(o) > (m+1)/2, Re(8 —a) > (m —1)/2,
a>(m-—1)/2 andb> (m—1)/2,

1B (a,b; %)

< exp(—m) Bm(a -1,8- a)
B, (a,b)

~ det(4Y) Bp(a,f—a)

< ®(a; B; —4Y)

Proof. For ¥ > 0, a > (m —1)/2 and b > (m — 1)/2, Nagar, Roldan and
Gupta [20] have shown that

: exp(=m)
| B (a,b;%)| < etr(—4%) By, (a,b) < MBm(a,b).

Now, using and the above inequality, we obtain

1 fm
B’ST(LLB) a, b’ Z = / det X a_(m+1)/2
B b0 = e [ detl)

« det(]m _ X)B—a—(m+1)/2|Bm(a7 b; 21/2X21/2)‘ dx

Im
B (a,b) )/ det(X)a—(m+1)/2
0

~ Bp(a,f—«
x det(I, — X)Po=(mHD/2 otp(—4n X ) d X
By (a,b) /*” ~(mt1)/2
—_— Y eXpl—m det(X a—im
= B, g ) P J, 4

det (I, — X)#7=m+D/2 et (4x. X)L dX.

The desired result is now obtained by evaluating integrals using and
@ and simplifying the resulting expression. O

Theorem 4.5. Suppose that o1 and o, are the smallest and largest eigen-
values of the matriz 3. Then

B (a,bionln) < B (a,b:%) < B (a,b;011).

Proof. Similar to the proof of Theorem O
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The next result is obtained by applying the Minkowski inequality for
determinants. The famous Minkowski inequality states that if A and B are
symmetric positive definite matrices of order m, then

det(A + B)Y™ > det(A)Y™ + det(B)/™.

Theorem 4.6. For the generalized extended beta function of matriz arqu-
ment, we have

Bl ( Ly z) L Bl ( bt L, z) < BOD (a,1;%).
m m

Proof. Replacing B,(g’ﬁ)(a +1/m,b;¥) and Bleh) (a,b+ 1/m;¥) by their
respective integral representation, one obtains

B (CH' lab; Z) + B(P) <a,b+ 1;2)
m m
Im
= / {det(Z)l/m + det (1, — Z)l/m} det(Z)*—(m+1)/2
0
x det(ly — 2)"" "D 5 =527 (I — 2)71) dZ,

Now, by noting that det(Z)"/™ +det(I,, — Z)"/™ < 1 we obtain the desired
result. O

5 Results involving zonal polynomials
In this section, we will compute the integral
/ det(2)*~m+D2¢, (2) B (a,b; %) AT, (44)
£>0
where Re(s) > (m—1)/2, Re(s+a) > (m—1)/2 and Re(s+b) > (m—1)/2.

The calculation of this integral requires evaluation of the integrals of
the form

Im
/ det(2)2=m+D/2 qet(1,, — 2)0~ D20, (Z(1,, — Z))dZ,  (45)
0

|68 Ingenieria y Ciencia



Daya K. Nagar, Sergio A. Gémez-Noguera and Arjun K. Gupta

where Re(a) > (m — 1)/2 and Re(b) > (m —1)/2.
Recently, Nagar, Roldan-Correa and Gupta [20] have given computable

representations of for k =1 and k = 2 which we state in the following
three lemmas.

Lemma 5.1. For Re(a) > (m —1)/2 and Re(b) > (m —1)/2,

Inm
/O det(2)~ T/ det(1,, — 2)P =" V2C ) (Z(1, — Z)) dZ

= mBm(a’a b)K(l) (CL, b)? (46)
where
a (a+1)(m+2) (a—1/2)(m—1)
K - 1-
mab) == 3a+b+1) 3(a+b—1/2)
Proof. See Nagar, Roldan-Correa and Gupta [20]. O

Lemma 5.2. For Re(a) > (m —1)/2 and Re(b) > (m —1)/2,

Im
/0 det(2)*=mH/2 det(1,, — 2)P="HD2C 4 (Z2(1,, — Z)) dZ

= mBy(a,b)K)(a,b), (47)
where
~ (m+2)a(a+1) 2(a+2)(m+4)
K(2)(a’b)_3(a+b)(a+b+1) S PR
N 2(a—1/2)(m —1) N (a+2)(a+3)(m+4)(m+6)
5(a+b—1/2) 35(a+b+2)(a+b+3)
(@®>=1/4)(m*=1)  2(a+2)(a—1/2)(m—1)(m+4)
15[(a+b)2—1/4  2l(a+b+2)(atb—1/2)
Proof. See Nagar, Roldan-Correa and Gupta [20)]. O

Lemma 5.3. For Re(a) > (m —1)/2 and Re(b) > (m —1)/2,
Im
/ det(2)*=m D2 det (1, — 2)P " TD2C 1oy (Z(1 — Z)) dZ
0
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= mBy,(a,b)K(12)(a,b), (48)

where

K(12)(CL, b) =

(m —1)a(a —1/2) [2_(a+1)(m+2)

3(a+b)(a+b—-1/2) a+b+1

n (a—1)(m—2) n (a+1)(a+1/2)(m+1)(m+ 2)
a+b—1 6(a+b+1)(a+b+1/2)

_4(a+1)(a—1)(m —4)

15(a+b+1)(a+b—-1)

(@ —1)(a—3/2)(m - 2)(m—3)] '

+

10(a+b—1)(a+b—3/2)
Proof. See Nagar, Roldan-Correa and Gupta [20]. O

In the following theorem and three corollaries we give closed form rep-
resentations of the integral for k=1and k = 2.

Theorem 5.1. For Re(s) > (m—1)/2, Re(s+a) > (m—1)/2, Re(s+0b) >
(m—1)/2, Re(a—8) > k1 + (m —1)/2 and Re(B — s) > k1 + (m — 1)/2,
/ det(2)*~ D20, (2)B@A) (a4, b; %) dX
E>O

L (8)Cm(a — $)0m(B) (8)x(=B+ s+ (m +1)/2)x
Lo ()L (B — ) (—a+s+(m+1)/2)x

Im
X / det(Z)as=m+1/2 Qe (1, — 2)P+s~ V20, (Z(1,, — Z)) A Z.
0
(49)

Proof. Replacing BT(rof A (a,b;X) by its equivalent integral representation
given in and changing the order of integration, the integral in is
rewritten as

I,
1)/ det(Z)a—(m-H)/Q det(Im o Z)b—(m+1)/2

Im
//det ) V20 (8 etr[—(Z — 2%)7V?0(Z — 2%)7/2X]dD
>0
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x det(X)~"FD/2 det(1,,, — X )P~ (D2 X 4Z. (50)

Now, evaluating the integral containing > using Lemma we obtain

/ det ()~ MHD20 (D) etr[—(Z — 22)7V2%(Z — 2%)71/2X]dn
¥>0
= Tyu(5) () det(X)~det(Z)*det(I,, — Z2)°Cu(Z(In— Z)X Y. (51)

Further, substituting in and integrating with respect to X by
using Lemma we obtain

1 fm ot (X ) s—(mt1)/2 g, _ y\B—a—(m+1)/2
i (aﬁ_a)/ det(X) det(In — X)
Co(Z(In — Z)X 1) dX
( —8)Lm(B) (=B+s+ (m+1)/2),
Lp(@)lm(B —8) (—a+ s+ (m+1)/2)x

where Re(a — s) > k1 + (m —1)/2 and Re(8 — s) > k1 + (m — 1)/2. Now,
substituting appropriately, we obtain the result. O

Corollary 5.1.1. For Re(s) > (m — 1)/2, Re(s +a) > (m —1)/2 and
Re(s+b) > (m—1)/2,

/ det(X)*~mHD/2¢ 1 (2)BP) (a,b; ) dT
>0

L (8)Cm (e = 8)Tm(B) (= + 5+ (m +1)/2)
Fn(B—98)p(a) (—a+s+(m+1)/2)
X B(a+ 5,0+ s)Kqy(a+s,b+ s), (53)

= S8m

where Re(a — s) > (m+1)/2 and Re(8 — s) > (m+1)/2.

Proof. Substituting £ = (1) in and using Lemma we obtain the
desired result. O

Corollary 5.1.2. For Re(s) > (m — 1)/2, Re(s +a) > (m —1)/2 and
Re(s+b) > (m—1)/2,

/2 y det(X)*~(mHD2¢C 4 (2) B (a,b; ) dT
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L(s)Thn (a—s)F (B)
(—ﬁ—i—s—i—(m+1)/2)(—5+3+(m+3)/2)
(—a+s+(m+1)/2)(—a+ s+ (m+3)/2)

X By(a+s,b+s)K@g)(a+s,b+s), (54)

where Re(a — s) > (m + 3)/2 and Re(8 — s) > (m + 3)/2.

=s(s+1)m

Proof. Substituting x = (2) in and using Lemma we obtain the
desired result. ]

Corollary 5.1.3. For Re(s) > (m —1)/2, Re(s +a) > (m —1)/2 and
Re(s +b) > (m —1)/2,

/ det(2) (D2 12y (2) BE (a, b; X) dS
X>0

— 5 <S B 1) mFm(s)Fm(a — $)I'm(B)
Lm(B = 8)Tim(a)

2
(=B+s+(m+1)/2)(=B8+s+m/2)
(—a+s+(m+1)/2)(—a+s+m/2)

X Bm(a+ 5,0+ s)K@2y(a+s,b+s), (55)

where Re(a — s) > (m +1)/2 and Re(8 — s) > (m +1)/2.

Proof. Substituting x = (1,1) in and using Lemma we obtain the
desired result. I

Corollary 5.1.4. For Re(s) > (m —1)/2, Re(s +a) > (m —1)/2 and
Re(s+0b) > (m—1)/2, Re(a —s) > (m+3)/2 and Re(f —s) > (m+3)/2,

/ det()*~(m+D/2(4r 32)2B@H) (¢, b; 2) dD
¥>0
L (s)I'm(a = s)Tm(8) (=B + s+ (m+1)/2)
Ln(B = s)Tm(e)  (—a+ s+ (m+1)/2)
(=B+s+(m+3)/2)
[(S+1)( atstmiapio@tsbts)

(o) ]

= sm B.(a+s,b+s)
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Proof. We obtain the desired result by summing and and using
the result C(9)(X) 4 C(12)(E) = (tr X)2. O

Corollary 5.1.5. For Re(s) > (m —1)/2, Re(s +a) > (m — 1)/2 and
Re(s+b) > (m—1)/2, Re(a—s) > (m+3)/2 and Re(B—s) > k1+(m+3)/2,

/ det(2)*~(m+D/2(4r £2) B(2H) (¢, b; 2) dD
>0
L ($)Tm (2 = $)Pm(B8) (=B + s+ (m +1)/2)

T LB () (Catst mr 2T
(=B+s+(m+3)/2)
[(8+1)( o st (mis) 2 iolatsbs)

_1<8_> COrstm/2) b o (ats,bts)|.

2 2) (—a+s+m/2)

Proof. We obtain the desired result by using C(o)(X)—C(12)(X)/2 = (tr £?).
t

6 Application to multivariate statistics

The Wishart distribution, which is the distribution of the sample variance
covariance matrix when sampling from a multivariate normal distribution,
is an important distribution in multivariate statistival analysis. Recently,
Bekker et al. |2 B] and Bekker, Roux and Arashi [I] have used Wishart
distribution in deriving a number of matrix variate distributions. Further,
Bodnar, Mazur and Okhrin [5] have considered exact and approximate dis-
tribution of the product of a Wishart matrix and a Gaussian vector. The in-
verted Wishart distribution is widely used as a conjugate prior in Bayesian
statistics (Iranmanesh et al. [I4]). Knowledge of densities of functions
of inverted Wishart matrices is useful for the implementation of several
statistical procedures and in this regard we show that the distribution of
the sum of dependent generalized inverted Wishart matrices can be writ-
ten in terms generalized extended beta function of matrix argument. If
W~ IWy (v, W), v >m — 1, ¥ > 0, then its p.d.f. is given by

det(W)r=m=1/2 gty (—ew~1/2) det(W)—v/2
2m(v=—m=1)/21 (v —m —1)/2]

, W>0.
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By replacing etr (—\I/W_l / 2) by the confluent hypergeometric function of
matrix argument ® (a; B; —wWw-1/ 2) and evaluating the normalizing con-
stant, a generalization of the inverted Wishart distribution can be defined

by the density
Lo (@)D [ — (v — m — 1) /2] 27m=m=1)/2 Jet (L) (v—m—1)/2
Fm(ﬁ)rm[a—(l/—m—l)/Q] | [(V—m—l)/Q]

1
x det(W)™"/2® <a;ﬁ; 2\I/W_1) ., W>o.

Further, a bi-matrix variate generalization of the above density can be
defined as
L (@)Tm[B — (11 + 12 — 2m — 2)/2]

Lo (B) Tl — (11 +v2 — 2m — 2) /2]
9—m(v1+v2—2m—2)/2 det(\p)(ul+u272m72)/2

“ T (1 —m— 1)/ Ty [(v2 — m — 1)/2]
x det(W1)™"/2 det(Wy) 2/ ® (a;ﬁ; —%@(W;l + W21)> . (56)

where W7 > 0 and Wy > 0. Note that if we take &« = [ in the above
density, then W; and Wy are independent, Wy ~ IW,,(v1,¥) and Wy ~
IW,,(v2, V). Further, the marginal density of W is given by

o — (va —m —1)/2]T[8 — (v1 + v2 — 2m — 2) /2]
B —(vo—m—1)/2IT[a— (v + vy — 2m — 2)/2]
9—m(rv1—m—1)/2 det(\p)(ylfmfl)/2 s
X Fm [(1/1 o — 1)/2] det(Wl) /2

—m—1 “m-1 1
><<1><a—”2 ;” 52 g‘ ;—2‘I/W1‘1>, (57)

where W7 > 0. Likewise, the marginal density of W5 is given by
Fplao— (1 —m —1)/2]T[8 — (11 + v2 — 2m — 2)/2]
LB — (1 —m—1)2]0 o — (1 +v2 —2m — 2)/2]
2—m(1/2—m—1)/2 det(\I/)(VQ_m_l)/Q
det (W) ~2/2
8 T (2 —m — 1)/2] ct(W2)
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rn—m-—1 rm—-m-—1 1 1
(0] — 2B — s —=UW
X <Oé 9 aB 9 ) 9 2 )7 (58)

where W5 > 0.

Theorem 6.1. Suppose that the joint density of the random matrices Wy
and W is given by @) Then, the p.d.f. of the sum W = W1 + Wy is

derived as

Lo ()T [B — (11 4+ v2 — 2m — 2) /2]
Tm(ﬁ)Fm[Oé — (v + 12— 2m — 2)/2]
(vi4+rv2—2m—2)/2 det( )(V1+V2—2m—2)/2

e —(v14+v2—m—1)/2
* Foln n =TT T —m 1)y V)

% B(a[g’) < 2 — 1,_V2—;TL— 1;;\1,1/2wl\111/2>’ W > 0.

Proof. Transforming W = W, + Wy, R = W—2W,W~1/2 with the Jaco-
bian J(Wy, Wy — R, W) = det(W)(™+1/2 in (56), the joint p.d.f. of R and
W is obtained as
Lo (a)Tn[8 — (11 + v —2m — 2) /2]

Lo (B) o — (11 4+ v — 2m — 2) /2]

9—m(v1+v2—2m—2)/2 det( )(V1+V2 2m—2)/2
X

Lo [(v1 =m —1)/2] Ty [(v2 —m — 1) /2]
x det(W)~ <V1+V2—m—1>/2 det(R) /2 det(I,, — R)™"2/?

x <a; B; —%W‘l/QIIIW_l/QR_l(Im — R)—1> ,

where W > 0 and 0 < R < I,. Now, integrating R by using , the
marginal p.d.f. of W is obtained. O

Corollary 6.1.1. Suppose that the joint density of the random matrices

W1 and Wy is given by @ Then, the p.d.f. of S = (W1 + W)~ is given

by

m(a)Fm[ﬂ — (1 +v2—2m— 2)/2]

m(B) Tl — (11 +v2 — 2m — 2)/2]
9—m(v1+v2—2m-2)/2 det(‘l,)(l/1+yg—2m—2)/2

X T [t —m —1)/2 T [(v2 —m — 1)/2]
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x Bed) (—”1 _;n_l,—”_;l_l;;qﬂ/?sqwﬂ), S > 0.

Next, we will derive results like E[C(1)(S)], E[C(2)(S)], E[C(12)(S)],
E@trS), E(trS?), E(tr S)?, E(S), E(S?) and E[tr(S)S].

Theorem 6.2. Suppose that the joint density of the random matrices Wy
and Wy is given by @ with ¥ = I, and S = (W7 + Wg)_l. Then

(=B+ W1 +v2—m—1)/2)
(—a+ (W1 +1rr—m-—1)/2)

E[C1)(S)] = m(v1 +v2 — 2m — 2)

v—m-—1uv1—-m-—1
XK(I) ) )
2 2

E[C(g)(S)] =m(v1 +va —2m —2)(v1 + vy — 2m)
B+ (ntre—m—1)/2)(=B+ (1 +r2—m+1)/2)
a+ (r+re—m-—1)/2)(—a+ (n+re—m+1)/2)

vo—m-—1v1—-—m-—1
K
X (2)( ) ) ) )7

X (_
(-

E[Cy2y(S)] = m(v1 + vo — 2m — 2)(v1 +v2 — 2m — 3)
—B+mtre—m=1)/2)(=F+ (m+r—m=2)/2)
—a+ (n+ra—m—1)/2)(—a+ (r1+rv2—m—2)/2)

o
(
vv—-—m-—1v1—m-—1
K
X (12)< 2 ) 2 >7

where K1y, K@) and K2y are given in Lemma Lemma and
Lemma respectively.

Proof. The expected value of Cy(95) is derived as

Lp(a)T[B — (v1 4+ v2 — 2m — 2) /2]
Lpn(B) e — (v1 4+ v2 — 2m — 2) /2]
ok
Lo (1 —m —1)/2] T [(v2 — m — 1) /2]

E[CK(S)] =

X
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X Cr(X) det(X)(V1+V2—3m_3)/2
X>0

Now, setting s = (11 + 12 —2m —2)/2, a = —(r1 —m—1)/2, b = —(v2 —
m —1)/2 and using Corollary for k = (1), Corollary for k = (2),
Corollary for k = (12), we obtain the desired result. O

Theorem 6.3. Suppose that the joint density of the random matrices Wy
and Wy is given by (@) with ¥ = I, and S = (W1 + W)™t Then
(=B+ (1 +vo—m—1)/2)
(—a+ (i +1rr—m—1)/2)

—m—1-m—1
XK(1)<V2 m v —m >’

Eltr(S)] = m(v1 + v2 — 2m — 2)

2 ’ 2

(=B+(mn+r2—m—1)/2)
(—a+ (1 +1rr—m—1)/2)
(=B+ (v1 +v2 —m+1)/2)
(—a+ W1+ —m+1)/2)

E[tr(S%)] = m(vy + vo — 2m — 2)

X [(1/1 + v — 2m)

XK(Q)(UQ—;’L—l’I/l—’IQTL—1>
(=B+ (v +v2—m—2)/2)
(—a+ (1 +1rr—m-—2)/2)

v—m-—1vy—m-—1
XK(12)< B y B >:|,

(=B+ (1 +rr—m—1)/2)

(—a+ (1 +v2—m—1)/2)

(=B+(mn+r2—m+1)/2)

(—a+ (1 +1rr—m+1)/2)
vo—m-—1v1—m-—1

XK(g)( B s 9 >

(=B8+ (v1 +v2—m—2)/2)

(—a+ (1 +1r2—m—2)/2)

1
—§(V1—|—I/2—2m—3)

E[(tr )% = m(v1 4 vo — 2m — 2)

X [(1/1 + v — 2m)

+ (v + 2 —2m — 3)
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v—m-—1vy—m-—1
K
X (12) ( 9 ) 9 >:| )
where K1y, Ky and K2y are given in Lemma @ Lemma @ and
Lemma respectively.

Proof. We obtain the desired result by using C(1)(S) = tr(S), C(2)(S) —
C12)(5)/2 = (tr §?) and C(9)(S) + C(12y(S) = (tr S)?, and Theorem
0

Theorem 6.4. Suppose that the joint density of the random matrices Wy
and Wy is given by (@) with U = I, and S = (Wy + Wa)~L. Then

(=B+ (1 +va—m—1)/2)
(—a+ W1 +1rr—m-—1)/2)

vo—m-—1v1—m-—1
K I
X (1)( 2 ) 2 ) my

E(S)=(vi+1r2—2m—2)

(=B++re—m—1)/2)
(—a+ (1 +1rr—m—1)/2)
(=B+(n+r2—m+1)/2)
(—a+ (1 +v2—m+1)/2)

E(S?) = (11 +vo — 2m — 2)

X [(1/1 +v9 —2m)

< K (1/2—7271—1’1/1—7271—1)
(—ﬂ+(V1+I/2—m—2)/2)
(—a+ (V1 +1v2—m—2)/2)

vo—m-—111—-—m-—1
XK(12)< 5 s 5 >:|Im,

1
—§(V1+I/2—2m—3)

and

(r1+va—m—1)/2)
(v +v2—m—1)/2)
(=B+ 1+ —m+1)/2)
(—a+ (1 +1rr—m+1)/2)

E[(tr 5)S] = (11 + v — 2m — 2) E:ii

X [(1/1 + v9 —2m)

vo—m-—1v1—m-—1
K
X (2)( 2 ) 2 >

|78 Ingenieria y Ciencia



Daya K. Nagar, Sergio A. Gémez-Noguera and Arjun K. Gupta

(=B + (v + 12 —m—2)/2)
(—a+ (1 +1rr—m—2)/2)

vo—-—m-—1v1—m-—1
XK(12)< 2 9 5 ! 9 )] Imy

where K1y, K) and K2y are given in Lemma Lemma and
Lemma[5.3, respectively.

+(1/1—|—1/2—2m—3)

Proof. Since, for any m x m orthogonal matrix H, the random matrices
S and HSH' have the same distribution, we have E(S) = ¢11,,, E(5?%) =
col, and E[(tr S)S] = c3l,, and hence E(trS) = eym, E(tr S?) = com

and E[(tr S)?] = cgm. Thus, the coefficient of m in the expressions for
E(trS), E(trS?) and E[(tr S)?] are c¢;, co and c3, respectively. Finally,
using Theorem [6.3] we obtain the desired result. O

7 Generalized extended matrix variate Beta distribution

Recently, Nagar, Roldan-Correa and Gupta [20] and Nagar and
Roldan-Correa [21], by using the integrand of the extended matrix variate
beta function, generalized the conventional matrix variate beta distribution
and studied several of its properties. We define the generalized extended
matrix variate beta density as

{BH) (p, ¢; £)} L det(X )P~ M+D/2 det(1,,, — X))~ (mF1)/2
x @ (a; B -SX ML —X)7Y), 0<X <1,
where —00 < p < 00, —o0 < g < oo and X > 0. If r and s are real numbers,

then

(a.) _
E[det(X)" det([,, — X)®] = B (g?ﬁ—)i- r,q+ ;%)
By (p,¢; %)

Specializing r and s in the above expression, we obtain

B (p+2,¢;%)
B (p,4;T)

BED(p+1,4%)
B (p,4; %)

Eldet(X)] = , Eldet(X)*] =
BE (p,q+1;%)

E[det(I, — X)] = —"—
B (p, ;%)
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(o8)
B (p,g+2;%
E[det(I,, — X)?] = ) ),

B (p, ¢ %)
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